The paper presents a singular value decomposition aided H-∞ Cubature Quadrature Kalman filter (SVD-HCQKF) in GPS/INS integrated navigation system to satisfy the high requirements of the precision and robustness of aircraft integrated navigation system. The Cubature Quadrature Kalman filter (CQKF) uses the hyper-sphere cubature rule and two-order Gauss-Laguerre quadrature rule to generate Cubature Quadrature points to calculate multiple moment integral that is different from the Cubature Kalman filter (CKF) using cubature points. The robustness of the system is also guaranteed by the addition of the H-∞ algorithm. In numerical simulation, it is verified that the accuracy and robustness of the proposed algorithm and SVD aided CQKF are better than those under CKF frame. Finally, the proposed algorithm is applied in GPS/INS integrated navigation system, and the simulation results show it can greatly improve the accuracy and robustness of the system.
Introduction
For aircraft navigation system, there are a variety of options, such as the global positioning system (GPS), BeiDou navigation satellite system (BDS), inertial navigation system (INS), Doppler navigation system (DNP), etc.. Among these systems, GPS and INS are the most common. The GPS calculates the position and the speed of the aircraft according to the received navigation satellite signals, and has good positioning accuracy, but its anti-disturbance ability is poor. The INS relies entirely on its own sensors to get the position and speed information with strong anti-interference ability, but the navigation error will accumulate over time [1] . So the main idea of GPS/INS integral navigation system is to combine the two systems to make best use of their advantages and bypass their disadvantages, which will improve the overall performance of the navigation system. Now GPS/INS integral navigation system is the world's recognized best solution [2] .
The integrated navigation system using Kalman filter is termed optimal integrated navigation system [3] . As an important part of the integrated navigation system, Kalman fiter uses probability statistics to estimate the error of the navigation system in the optimal angle to correct the system. For decades, the optimal integrated navigation system has been developed greatly, and a lot of filtering algorithms under the Kalman filter framework arise for improving the positioning accuracy. The most simple and common used algorithm is the extended Kalman filter (EKF) in integral navigation system [4] . Due to the EKF using the first-order Taylor expansion, it is obviously insufficient for the high performance of precision navigation. Then the people put forward unscented Kalman filter (UKF) [5] , Cubature Kalman filter (CKF) [6] , particle filter (PF) [7] algorithm to improve the performance of the integrated navigation system. In [8] , a UKF-based integrated navigation for GPS/INS provides precise position and orientation to the photogrammetric adjustment. In turn, the photogrammetric adjustment provides position updates to the UKF. The CKF filtering principle is applied as the INS/GPS integrated filter in [9] to simulate nonlinear model based on the platform misalignment angle and the observation model described by the velocity error and position error. The literature [10] presents a new particle filter algorithm and this new filter uses the difference filter and the latest observed measurements to 50 generate the importance-density in the importance sampling.
In [11] , Sahoo and Dash give the Cubature Quadrature Kalman filter (CQKF) algorithm, which is the more generalized form of CKF. The difference of CQKF compared to CKF is mainly reflected in a more accurate calculation method for the numerical integration. In CQKF, the multiple moment integration is divided into two parts, the surface integral over an n-dimensional hyper-sphere which could be calculated using spherical cubature rule and the line integral which could be evaluated using the n'-order Gauss-Laguerre quadrature rule of integration. When n'=1, the accuracy of CQKF generally coincides with the CKF. The accuracy of the filter depends on the order of Gauss-Laguerre quadrature rule. The higher the order, the more accurate the estimator would be. In addition, the CQKF with 2nn' sampling points has better computational efficiency than the PF with 2n^n sampling points, and slightly higher than the UKF with 2n+1 points and CKF with 2n points [12] .
In order to deal with indeterminacy data involving uncertainty and randomness, robust algorithm is investigated by many scholars [13] . H-∞ filter introduces the H 2 norm into the filtering problem, and build a filter to minimize the H 2 norm from the input of disturbance to the output of filter error, so that minimize estimation error under the worst case of interference. In recent years, in order to overcome the uncertainty of the system or gross errors, many scholars combines H-∞ with these nonlinear filtering algorithms, such as EKF [14] , UKF [15] and CKF [16] , in integrated navigation system. While using the Cholesky decomposition during the process of filtering using CKF or CQKF, the covariance matrix P may lose positive definite affected by the abnormal situation. The use of alternative corresponding matrix through singular value decomposition to replace covariance matrix of cubature points as characteristics covariance matrix can improve the stability of numerical calculation.
In this paper we design a singular value decomposition aided H-∞ Cubature Quadrature Kalman Filter (SVD-HCQKF) in GPS/INS integrated navigation system where the two-order Gauss-Laguerre quadrature rules is applied to improve the filtering accuracy compared to the SVDCKF. At the same time, the H-∞ filtering algorithm can also enhance the robustness of the system.
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The organization of the remaining part is as follows: Section2 introduces the principle of GPS/INS integrated navigation system and establishes its discrete mathematics model by the analysis of the error models of the system; In dection3, after introducing the basic principle of H-∞ and calculation method for cubature quadrature points (CQ points), the SVD-HCQKF algorithm is given. The numerical simulation and GPS/ins navigation system simulation with analysis are shown in section4; Conclusions are made in section 5.
The principle and mathematical model of GPS/INS integrated navigation system

The principle of GPS/INS integrated navigation system
According to the different requirements of the application level, there are two categories of GPS/INS integrated navigation system, the tight coupling and the loose coupling system.. The tight coupling system is characterized by design of two systems (GPS and INS) together as one.
However, the two systems work independently in the loose coupling system, which makes the structure simple and easy to achieve, and GPS in here only plays the role of auxiliary to INS. In this paper, the loose coupling GPS/INS integrated navigation system is used.
In the loose coupling system, the difference of position and velocity information between the outputs of GPS and INS is used as the output of the Kalman filter. Then the filter can estimate the error of inertial navigation system, and realize the correction of the INS. The principle diagram of the loose coupling system is as shown in Fig. 1 . 
Mathematical model of GPS/INS integrated navigation system
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As mentioned before, the GPS/INS integrated navigation system uses the system error between GPS and INS as the state. In this paper, we select the 18 errors as the filter state, which consists of the following four parts.
1. The platform error angles: the pitch angle Ф E , the roll angle Ф N and the heading angle Ф U When the flying height of the aircraft is h and the earth is a rotating ellipsoid, we have
is the curvature radius of each points at the principal vertical circle of the reference ellipsoid.
is the curvature radius of each points at the prime vertical circle of the reference ellipsoid of the earth. 
3. The position errors: the latitude error L  , the longitude error and the height error
4. The gyro drift errors: the gyro drifts of three axial, As a result, the state of the GPS/INS integrated navigation system can be set as
According to Eqs. (1) - (14), the state equation of GPS/INS integrated navigation system can 54 be obtained. The general time-continuous form of the system can be expressed as
where F(t), G(t) and ) (t  are the state equation, measurement equation, and process noise, respectively.
The observation object are the east, north and up position errors and velocity errors of in the integral navigation system, and the corresponding measurement equation can be obtained in
where H(t) is the measurement matrix, and v(t) is the measurement noise.
The corresponding discrete model is obtained by discretization of the time-continuous model of Eq. (15) and Eq. (16) . 3 The SVD aided robust CQKF
The principle of H-∞ filtering algorithm
Taking into account the above discrete system, assume that the vector to be estimated is
Define the cost function as follow 
where γ is the specified boundary constraint level.
Alternatively, γ should meet the Raccati inequality.
The value of γ affects the accuracy and robustness of the H-∞ filter. If γ approaches infinity, H-∞ filter will be simplified to Kalman filter. The smaller γ, the better the robustness would be. If γ is too small, however, sometimes the Raccati inequality is no longer valid, resulting in that the H-∞ filter does not exist. Generally we will give a determinate constraint level, which leads to the H-∞ filter may not reach the optimal and in fact become a suboptimal filter. So in the actual use of H-∞ control, we can continue to reduce the value of γ to make the suboptimal filter approach to the solution of the optimal H-∞ filter.
Cubature quadrature points and their corresponding weights
The CQKF algorithm uses hyper-sphere cubature rule and multiple orders Gauss-Laguerre quadrature rule to generate cubature quadrature points (CQ points) to calculate the moment integral. More precisely, the supported CQ points and the corresponding weights approximate the integrals by weighted sum of the functions evaluated at those points. It is obtained by the product of CQ points and their corresponding weights to approximate the product of multiple moments.
The multiple moment integration is divided into two parts, the surface integral and the line integral. The first integral is over an n-dimensional hyper-sphere which could be calculated using spherical cubature rule, while the other could be evaluated using the n'-order Gauss-Laguerre quadrature rule of integration.
The step for calculating cubature quadrature points and their corresponding weights is as 2) Solve the n'-order Chebyshev-Laguerre polynomial in Eq.(23) to obtain the quadrature
3) Obtain the CQ points and calculate their corresponding weights
When n and n' are determined, the CQ points and their corresponding weights are determined too. Taking the numerical simulation to be carried out for the 4-dimension system for example, when the two-order Gauss-Laguerre quadrature rule is adopted, the results of 16 CQ points and their corresponding weights are calculated in Eq. (26) 
The SVD-HCQKF algorithm
In the CQKF or CKF algorithms, the covariance matrix P may lose positive definite when 
2) These CQ points are propagated through the state equation shown in Eq.(30).
3) Calculate the value of state prediction
, and covariance matrix
3. Measurement update 1) Obtain the new CQ points by singular value decomposition for
2) These CQ points are propagated through the measurement equation.
3) Calculate the measurement estimation.
4) Calculate the measurement prediction
and cross-covariance matrix
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4. State update
1) The observer gain K k+1 can be obtained as
2) Calculate the state estimation.
) (
3) Calculate covariance matrix for H-∞ filtering.
Simulation and analysis
4.1Numerical simulation and analysis
In this section, we use a high non-linear model to simulate and verify the effectiveness of the proposed algorithm. The system is described as follows.
The process noise
with zero-mean and the covariance Q.
The measurement equation is shown in Eq.(44).
where the measurement noise While to estimate the state of X 2 , the four algorithms, SVD-CKF, SVD-CQKF, SVD-HCKF and SVD-HCQK, are used in two scenes. These two kinds of scenes are that the system has the uncertainty or not.
Scene1: System with no uncertainty
The estimations of X 2 by the four algorithms are shown in Fig. 2 . The constraint level γ of SVD-HCKF and SVD-HCQKF is equal to 2. As can be seen in Fig.2 , each of the four algorithms can be a good estimation of X 2 . The root mean square error (RMSE) of estimated X 2 can be seen in Table 1 . The RMSE using SVD-CQKF with two-order Gauss-Laguerre quadrature rule is slightly smaller than that of the SED-CKF. Due to the introduction of γ, the RMSE is much higher in SVD-HCKF and SVD-HCQKF algorithm for the system without uncertainty. We can also see that the SVD-HCQKF has a higher accuracy relative to SVD-CKF. In order to analyze the accuracy for these four algorithms, the RMSE of estimated X 2 with different γ in scene 1 is as shown in Table2. We can adjust γ to reduce the RMSE, and get the 60 same conclusion in Table 1 . Scene2: System with uncertainty that X 2 increased by 50 during instant 50-150 
Simulation and analysis in GPS/INS integrated navigation system
Assume that the initial position of an aircraft is at 5000 meters altitude with latitude 30° and longitude 110°. The initial pitch angle, roll angle and heading angle are 5°, 50°and 0°, respectively.
The gyro constant drift is 0.01°/h, the constant zero offset of accelerometer is 10 -4 g, and the random zero offset is 10 -3 g. The aircraft flies 500 seconds from the initial position with 10m/s.
The trajectory parameter table with the changed parameters in the motion process is shown in Table 3 , and the other parameters that do not arise in the table are unchanged. The Actual flight path is shown in Fig. 4 .
Figs.5-10 draw out the curves of the east, north and up position error and velocity error using SVD-CKF and SVD-HCQKF (γ=1.5) in GPS/INS integral navigation system. It can be seen that the accuracy of estimated errors by SVD-CQKF is better than SVD-CKF. In addition, the Table 4 gives RMSE of the errors, and also shows that the filtering effect of SVD-HCQKF for the integrated navigation system is very good where the RMSE of the east, north and up velocities are reduced by 5.4%, 10.1% and 8.6% compared to SVD-CKF, respectively. 
Conclusion
In this paper a robust filtering algorithm, SVD-HCQKF, is designed for the GPS/INS integrated navigation. The proposed algorithm uses hyper-sphere cubature rule and two-order Gauss-Laguerre quadrature rule to generate CQ points to calculate the moment integral, which can improve the accuracy of the filter. At the same time, the application of H-∞ algorithm enhances the robustness of the proposed algorithm. Simulation results show that the SVD-HCQKF has a good robustness to the system uncertainties, and the filtering accuracy is
